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X, Strain energy deformation
Integration path

1
w(e;j) = > A Exinn T I &

—————

A
Cracked body Q Pj1 : Energy momentum tensor

Noether’s theorem

L :f w(e;)dv ) 5], :f |08, — oijui | 0y 6x dS :[ Djx M 6x, dS =0
v av av

(1) Virtual displacement X, (2) Boundary conditions on crack lips
{6u1:6x1:6a { n, =0
> Integration on surface V enclosed by aV =1, + A;A, — I, — B;B,
X1 — 2)
I o Jaga, ¥ r, ¥ B,B,
Rice’s integral =~ T =0 =0
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Intégrale /
Intégrale M
Intégrales T et A

Integration on V enclosed bydV =T + A;A, — I, — BB,
- C, : continuously varying from (1,0) to (0,0)
-C;: 0=(1,0)

p_jl"k Hk nj dsS =0 Q)
- C. : 0=(0,0)

(1) and Green-Ostrogradsky theorem’s

] = [ [w(eij)nl — Jijnjui’l]dl # GQ = f (—pjkﬁ'k)jdV = f [—(U Hk,k + Jij Uik de]dV
r v v
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{ Energy release rate J

Noether theorem’s

oL = J. Sw(e;‘},gfj)dV =0
\

' Real fields(FEM)

j
el = J(wij + ;)

U;} =A Sijuk’k +u(ui,j + uj,i)

M-integral formulation

1
M = J; 2 [inl u; — o viyl]njdi

1
Mg = f 2 [Ji?,l u; — J;; vfrl]ﬂl’jdv
v

{ Fracture modes separation}
y y
Kz KZ ~
2 2 G = — Gy =2
= K, + Kj; E'=E  planc K |
]_ - E’ {E’:E/(l—vz)plane H:H;+Hn z o g 5 z ¥
j g = oy + op Mode I Mode If j

[ M-integral ]

Bilinear expression of the strain energy density

1
U VY — _ 7 U U U v
(U(Eij:gij) = 2)]. €k €nn +f,«[ Ei_f Eij

[ Virtual fields (auxiliary problem)
1
Eg} = E(vi’j + vj,i)

Jit} =A 6ijvk,k +,u(vib,- + vj,i)

Relation between M-integral and SIF K, et K|,
_ K"K + K1 Kj
= o
(K =1,K;=0) = K}
(K =0,K; =1) = Kj;




Path independent integrals formulation | jntégrale
Validation on elastic isotropic material | |ntégrale M
Generalization to elastic orthotropic material | Intégrales T et A

Generalization to viscoelastic material
Conclusions / perspectives

[ T and A integrales ] Temperature variation AT =T —T,

Noether theorem’s Bilinear expression of the strain energy density
5L = f Sw(el, ef,AT)dV =0 w(eli, el AT) = /1 Ewx €hn + W & €] — BATep,
v
[ Real fields(FEM) J [Virtual fields (auxiliary problem) }
ey = J(uij + ) efj =5 (Vi) + vy)
cr;‘!' = A iUy, + y(uu + uj-,i) o'i‘} = A6;jvp i + ,u.(vu + vj,i)
TY'=AT=T-T, Y. T"=0 W,

T-integral formulation

1
T = L 5051w = 0 via —YAT (vy; = ;) + AT (01 = ) |yl

A-integral formulation

1
A=Ty = J. _E [Jit_;,l Ui — gj; 19'11 ]"QT(UL;' - 1/)1,;') + ]"ﬂT,j(Ul - w1)]91,jdv
v

\ J \ J
1 1

A,: Classical term A, : temperature variation effect
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Applied forces on the crack lips T {p (xl)}

[ Improvement oftheA-integraI formulation ]
[ B.C. on the crack lips J

X2
-AlAZ: ny = 0,?’12 = _1,T1 = p,Tz =dq

-BZBl: nlzo,nzzl,le_p,Tzz_q j

Energy momentum tensor

1
Pj1 = E [O'itjg u; — Uﬁ? Vi1 — YAT(VL;' - ¢1,j) + }’ﬂT,j(Ul - 11)1)]

Noether theorem’s

1
- [Tlv]_’l +T2v2’1]dx1 = O

A-integral formulation
1
\Y%

5 1%ij,1 Wi — 0;
\ J \ J
1 1
A,: Classical term A, : temperature variation effect

—J. Ti vi,j Hj dxl
AiA,+B,By

!
A, : effect of pressure applied on the crack lips




Path independent integrals formulation | jntégrale
Validation on elastic isotropic material | |ntégrale M

Generalization to elastic orthotropic material | Intégrales T et A
Generalization to viscoelastic material
0/ ion pnerspective

[ Improvement of the A-integral formulation ]

 Crack growth process }

G G
X f [_" 4+ = ] =1 — crack growth
GfC G”C
Aa G, G
fissure - f [_,, + = ] < 1 — no crack growth
> Gie  Ge
X, /

A-integral formulation

1
A=Tg = f - [Jf},l U; — 0y Vig — YAT (vyj — ¥y ;) + VAT ;(v, —¥,)]0, ;dV
%

\ J \ J
| 1

A,: Classical term A, : temperature variation effect

—f Ti vi,j ﬁ'j dxl
AiA,+B,By

!
A, : effect of pressure applied on the crack lips

_[ [J;}’kui’j + J&,‘E’kvu + Bﬁi}-ui’jkﬂT] Gk dV
Vv

A, : effect of crack growth
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@ Material properties
E = 20000 daN/mm? v =0,3

[2H | 47 Zy.]

Central crack

@ Geometry parameters
2L =400 mm 2H =1200 mm 2a =200 mm

oL

PPITiiiiig o |

4.20 r T r ((I) T r r 22 T T T (b) T
Rectangular plate with central crack subjected to a al : 5 |
far-field tensile stress: (a) — Geometry and loads, (b) S R
— Finite elements mesh, (c) — Deformed shape i R S S SR
£
"’2; 190
;«: 18|
@ Results for plan strain condition | | ;
; ; [ | = FEM Cast3m (present study) 1
(ROOke et al. 76; WI|SOI’], I\]F 79) : : : : : : | == Reference solution (Rooke et al. 1976)
e T A Y 3 & 35 6 71 8
Integration crown Integration crown

K, (daN/mm3/?)
Analytical FEM Ecart %
20,843 21,012 0,8

Path independence verification of
(a) — the energy release rate Gl,
(b) — the stress intensity factor Ki
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Mixed mode (I and 1)

| 2l o
|2H A / i B Ty |

(6]

K; (MPav'mm)
IS
N
o

=

—

=)
T

Inclined ¢entral crack...|.........]

~
[
o

oL

RN

4.14

4.121

Rectangular plate with central inclined crack subjected
to a tensile stress (a) — Geometry and loads, (b) —
Finite elements mesh, (c) — Deformed shape

@ Results for plan stress condition A
E
K; (MPayymm) §
Analytical FEM Ecart % =
4,247 4,257 0.2 &
K;; (MPaymm)
Analytical FEM Ecart %
2.877 2,913 1.2

i i i i i i
2 3 4 5 6 7 8
Nombre de couronnes
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AXisymetric problem

4P

<
|

o
|

a .
I
|
i T
; 3 4 5 6 7 3
* P 1.10

® Material properties ® Applied load N R
E =210 Pa v=20,3 P=1108 N 108

=
o
-

@ Geometry parameters
Ri=1Im t=01m a=0,05m

1 (MPavm)
5
[=)]

= 1.05
K; (MPaym) : | : | | ;
Analytical FEM Ecart % : : ! 3 3 E
1.085 1.087 0.2 N T S S S B
Nombre de couronnes
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Thermal load

Temperature field  7(,) — 21, =
A7

@ Applied load

(a) (d)
2 \VAVZ TO =100 °C
® Material properties
Vv prop
A — 2
N g E = 20000 daN/mm
. = = -6 oC-1
- ‘\O | N v=0,3 a=510°°C
. Edge crack . Geometry parameters
o 2H =800 mm 2W =200 mm
a =100 mm
Rectangular plate with edge crack subjected to 140 8
temperature field (a) — Geometry, (b) — Finite elements N R O A RO A O
mesh, (c) — Thermal load, (d) — Deformed shape 148}
T 120}
S
% 1.46 E 110}
® Computing in plan Lot <
Straln Kf (daN/mmB/Z) 80 - [ — FEM Cast3m (present study) i
Analytique Numérique Ecart % T ) ] . = Feerenes sotion (Witsn ot . 107
130715 125:72 334 ' ’ ’ Integj"ation jrown ’ ' i ' ’ ’ Integj"ation irown ’ ’ ’

Path independence verification of (a) — the energy
release rate Gl, (b) — the stress intensity factor K,
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Mode /

Mixed mode (I and Il)
Axisymmetric
Pressure on crack lips
Thermal load

Pressure on the crack lips

@ (t) (c)

2
ol |4 FEEr 8| L
o FEREI]

7 E(fe,'nrtralr crack

@ Applied load
¢ =1daN/mm?

@ Material properties

E =20000 daN/mm?  v=0,3

Rectangular plate with central crack subjected to a
tensile stress (a) — Geometry and loads, (b) — Finite
elements mesh, (c) — Deformed shape

® Geometry parameters
2b =400 mm 2h =1200 mm 2a =200 mm

@ Results for plan strain condition

175 /
17.0+ e
= 165¢
g
£ 160
54
=
155+
x|
150+
I — FEM Cast3m (present study)
- Reference solution (Rooke et al. 1976)
i i i i i i 14.0 i n n n n n
2 3 4 5 6 7 8 1 2 3 4 5 6 7

Integration crown Integration crown

K; (daN /mm3/?)

Path independence verification of (a) - the energy

Analyvtical FEM Ecart %

release rate G, (b) - the stress intensity factor X

17,725 17,544 1
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27.2
1

2 3 4 5 6 7
Integration crown

(a) Temperature field distribution,
(b) (b) Path independence verification of the stress intensity factor K|

. T, =0°C aT,=30°C
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. Temperature variation
Plan stress condition

11 lf/El _vll,fEl 0 T I',ﬁ[AT \\‘
I \

&2 = —V[EJJ/E[ lJ/Eg 0 T2 —|'|: QEAT ,:
)

21 0 0 /Gl Lo N 0 1/

Plan strain condition

&1 (I —vaywis)/E) —(vi2 + viavn)/E, 0 o1 (vayoz + o )JAT
en | = | —(viz +viavn)/E, (I —vavaa) /E; 0 0 | + | (viaoz +0)AT
28[3 0 0 l}fG[g T2 (0

Hypl :y = f(E|V,5a,)

I’\\ ’
\

1 i\
— — (5 u 1
A=Ty = [ _E [Jij,1 Uj = 035 Vig B ]""PT(UIJ - wl,j) + ]"ﬂT,j(LH - ¢1)]'91,jdv
F ' ) ooet Y J
A;: Classical term A, : temperature variation effect P2 : i =8(E1V1p21)
— .. 0. v u i\
L A Tl UU Hj dxl —J. [Jij’kui’j + O'ij,kvi,j ﬂﬁ@ijui’jk&ﬂ lgk dVv
1A2+B2By v \
L J \\ II
Y -
A, : effect of pressure applied on the crack lips A, : effect of crack growth
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[ Virtual fields compytgtion ]

Anisotropic material

cpa it = 2016 1° + (2615 + Co6)1” — 20611+ €5 = 0

Orthotropic material ¢, = C,=10

————— < o— ~
\

Codn /Caz
] )
1 2420

\
S~ _Cl_l— *‘, \i;;l 1¢ '&

4

U

~

Compliance matrix

€11 G2 Cis
[CI=|c12 €22 Ca6
| C16 C26 Co6 |
Rcrack = Rorthotropy I:acrack ;é Rorthotropy
A A
Case | Case Il Case Il Case VI
r __ Mg cosB-—sinf
#1=fJA+ A*—B w =i |VB 1y =1‘J—A+iw’A2—B M = s 6+ sin6
— - _ o r __ Up cosf-sinf
#2=EJA_‘/A2_B Hy = [y ty = =Ry ] +i3[py] Ho = cos 641,50
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Virtual displacement field

el K 7 - o
Vq / HRC My — Hy (H1P2VZ2 = HoP1v/71) + Hy — Hy
K Ki
Vs | ?RE My — Ha (H2v2 = 1ol v21) Hy — H

W

Orthotropic fields

Independence domain

N

e |

(027 —Piv/2) |

(Q;z\/g—q“/a}_

vi + vl
Opening mode

Shear mode




Path independent integrals formulation | Orthotropic fields
Validation on elastic isotropic material | Virtual fields
Generalization to elastic orthotropic material | CTS specimen

Generalization to viscoelastic material | Independence domain
Conclusions / p 1

[ Virtual fields computation ]

Virtual stress field

—_—
|

v |1 [Kpy (ﬂz Iy ) Ky (!@ 5 )
=4/ Re — |+ =
011 V' 2mr Jy — s \\Z2 T My — [ \/Z2 71/ |
Trn = 1/ Re - + S
22 J\( 2??!' _‘[!1 — 1“2 V) WL }!!1 — }[!2 ) \;’21 1

1 Ky i 1 1 Ky [ [
v_ R 1H1 Mo ( - )+ ( 1 M
N -, \Va V&) - \Va  va

TR
;‘\ /'

«//..\:%5
NS,

%

Opening mode Shear mode
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v

R
s

\/]
AN

R
AVAN
1%‘
P

\/

N
X
N/
G
</
N

Y
Dy

_ Y\
A

A

CTS specimen geometry Mesh of the CTS specimen

Parameters

E, =600MPa E, =15000MPa G,, = 700MPa
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0.45 T ! ! (a) ! T T 0.05 T ! ! T ! T

| | | | | = p=0° [— s=0°

- 8=15° 0.00 — 3=15"M

o — =00y sl | = s

— B=45° r r - - | — B=45°
5=60° |- 5=60° |-

: : : : : — _;3:759 — _.3:753

0.35

(MPavmm)

I
I7

,
-

K; (MPavmm)

K

005F ~0.35

i i i i - _ ; ; ; ;
0'001 2 3 4 5 6 7 8 O'401 2 3 4 5 6 7 8

Crouns Crowns

Opening mode Shear mode
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[ Numerical results for stress intensity factors with thermal load J

4.0 : : : (a) : : : 0.0 : : : (b) : :
‘ ‘ ‘ ‘ | — p=0 ‘ ‘ ‘ ‘ —_— 3=0
—_— =15 -0.5 — 3=15 N
— 5=230 — 3=30
- R . 345" -1.0 — 3= B
Path independence verification of ol o
stress intensity factor for AT=10 [ — el B ™| —
OC . @ — ‘ | § -2.0 — ‘
(@) Opening mode K, <L S
(b) (b) Shear mode K” 10L N e I . R S N -3.0
00 : : : : : : a0 : ‘ ‘ ‘ ‘
1 2 3 4 5 3 7 B 3 4 5 6 7 8
Integration crown Integration crown
5 ‘ ‘ _(a) ! ‘ 05 ! _(v) !
‘ ‘ ‘ ‘ |l — B=0 3 ‘ ' — §=0
— p=15"f 0.0 — A=15°]
4 — f£=30"7 -0.5 — =3

L)
I
=)
=]
o
|
,_.
=)

w

stress intensity factor for AT =-10
°C:

(@) Opening mode K,,

(b) Shear mode K,

K,; (MPavmm)

1]

| |
G G
2 3
K;; (MPav'mm)
I
w
| |
W W
g 3
I I

=
Path independence verification of P

1 2 3 4 5 6 7 8 3 4 5 6 7 8
Integration crown Integration crown
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[ Expérience de fluage/formulation intégrale ]

Analytical Formulation
Fracture parameters
Incremental formulation
Viscoelastic SIF factors

a(t) &(t)
o “I m) |- Effetdefluage
t t

Intégrale de BOLTZMANN

t
e(t) = J(to, t)a(te) + | J(z,t) 6(7) dr
Tenseur de fluage fo

Modeéle rhéologique de Kelvin-Voigt

iy

1 B Il
k ik k”“ kl;.'u.'
—A\/\//‘\/_ R LN AW N —/\M’/—
] I
k 1] - i
|
TA NN~ = | o
= F 5 e
i i it I N
. - T iu : U
T HI :'1. ]. ...... - E
el -
) 1] : - | : ) [ : N N )
£ £, E.,. "

L 3

[ 3

1 (
PaV (P _ (P)aU P
IV' E[ S - TSV -

Formulation de ’intégrale A pour le comportement viscoélastique

g:)T,j (V|(<p) B Yk)' .d)T(Vi(,E) B Yk,j):|QK,jdV

1
Terme classique A,

|
Terme A, : chargement thermique
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[ Parametres de rupture dans le cas viscoélastigue]

Facteur d’inténsité de contraintes

Aq(p) (VKI(IO/)’?‘]:; VKl(lp) — 2)

upe (P) —
Mode | K™= (S and :
p) (v (ps\:"/. Ve (P) — . ] ; )
Mode 11 oK (P) = Ag® ("K(P =0;"K(P =1) Complaisances viscoélastiques
. (Cép) . .

Taux de restitution d’énergie viscoélastique

upe (p)

(uKI(p))2 +C§p) w with

GO +:GOP =P

'G, => !GO and ’G, =Y *GOP pe{0l..N}

v
p P
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[ Formulation incrémentale en fluage ]

Décomposition du tenseur de déformation

Agij (tn+1) = qjijkl . Agkl (tn+1) + gij (tn )__> Histoire du chargement

|

Matrice des matérieux

Equation d’équilibre

K7 Au” (1) = {AF @) +{F 7 }1,)
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[ Numerical results for stress intensity factors ]

0.70 0.058

0.65

G, x10~4 (J/mg)

i i i i 0.0534 ..

Réponse instantanée

0.63 | 0.052 /

0.62 i L i L 0.051 i i i i

0] 20 40 60 80 100 0] 20 40 60 80 100

Opening mode Shear mode
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1. Improve the analytical formulation of T and A integrales

a. Temperature variation effect
b. Pressure on crack lips
c. Crack growth process

2. Generalization for orthotropic material
3. Generalization for viscoelastic material

3. Implementation in FE software

a. Accurate results
b. Integration domain independency

A. Moisture variation and mechanosorptive law

B. Viscoelastic crack growth using mixed mode process zone
C. Reliability assessment (uncertainties)
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